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SUBJECT and GRADE Mathematics Grade 11

TERM 1 Week 1

TOPIC Exponents and Surds

AIMS OF LESSON Defining a rational exponent.

Simplifying expression

Solving exponential equations.

Defining surds

Identifying complex, simple and mixed surds
Simplifying surds

e Solving equations containing surds.

RESOURCES Paper based resources Digital resources

Please go to EXPONENTS AND SURDS chapter in @q Where you see this icon in the lesson you can click on it to see a
your textbook. video on concepts and calculations of EXPONENTS AND SURDS.

INTRODUCTION
Dear learner in this chapter we review the laws of exponents and exponential equations. When we’ve covered that, we will have a look at rational exponents and
surds. You will also learn how to solve exponential equations, simplify surds and solve equations containing surds.

Concepts and skills
Exponents: The exponent of a number tells us how many times to multiply the number (the base) by itself.
_—¥ Exponent the exponent
n-1
A _|—> Power 64 = 26
Base the base
the power
at=axaxax.... until there are n factors of a,wherea € Randn € R
2 _
ac=axa

20 =2%X2%X2%X2%X2X2=64




A. LAWS of EXPONENTS
@se laws assume that a and b are positive real numbers

Laws of exponents only apply to multiplication, division, brackets and roots and not to addition and subtraction

https://youtu.be/iTt3TVjsjuY

S oxn bottom of a fraction, or bottom to top

No | Expanded Notation Exponential Notation Exponential laws in operation
1 2X2X2X%2=16 2x2x2x%x2=2*% When we multiply the same bases we ADD the exponents
a® X a™ = gv*t™m
2 % 26 _ 2 When we divide the same bases we subtract the exponents (top minus bottom)
16 24— a“
2X2X2X2X2X2 an @
C 2X2X2X2
=4
3 4x4%x4=064 (22)3 — 26 When we have the exponents outside the bracket we distribute them into the
bracket (exponent on the outside is multiplied by the exponent(s) on the inside)
(@™)" = a™*
4 2x2Xx3%x3=36 22 x 3% = 62 When we have non-identical bases, but identical exponents, we keep the
exponents and multiply the bases (this same rule will also apply for division)
a"b" = (ab)"
5 4 4 4 64 4\3  41x3 43 When a fraction is raised to a power, both the numerator and denominator are
PR =g =8 (5) =3== 5 | am o
2 2 2 raised to the power (;) =m
Exponential definition:
- 1 This definition allows us to move numbers or variables from the top to the 2= 3x? or 273= ==
=— x~ 2 8

x% =1, x#0

Any base (except zero) to the power of zero is equal to 1

10°=1; (2ab®)° =1

NB: —10°= —1 but (-10)°=1

Study and work through each concept above as to ensure that you understand the laws and exponential definitions.
We will now do some Gr 10 revision to recap our content knowledge and prepare us for new added content of Exponents and Surds



https://youtu.be/-TpiL4J_yUA
https://youtu.be/iTt3TVjsjuY

Worked Example 1

.9
Let us work through a few examples of how to apply these laws - https://youtu.be/Hn rbQ2zSAU

Simplify without using a calculator

2x3\ 73
1. ¥3xy 2. 9509t 3. (y x2)’ 4. (Vﬁ) 5. (—3a?)2(2a)3
Solutions [Can you identify all the exponent laws and definitions?]
3.-3
1. y3xy 2. 96+09% 3. (yx?)’ 4. (82;_4) 5.(—3a%)?(2a)3
4.3
= 3 x yl =9 (6-4) = y(1X7) 3 (2X7) = (8” :) =9a*.8a®
2x
3
=yt — 92 = y7x14 _ (:;7) = 7247
43 64
= 81 = x3><3y4><3 = x9y12
Can you?
Apply the laws to simplify the following without the use of a calculator
2.3
1. y2n.y° 2. a¥ +at 3. (x2)* 4, (;—;) 5.(—3y3%)?
Answers:
. y2nts 2. a?n 3. %8 ‘8L69 5.9y6 Rational numbers include all numbers that
27y can be written as fractions in the form

2 where a,b € Zbutb # 0
B. Simplifying expressions involving rational exponents b '

When compound numbers are raised to a rational exponent, it can be simplified

3
by using prime factors and the rule for raising a power to another power e.g. 325 = (2°)5 =23 =8



https://youtu.be/Hn_rbQ2zSAU
https://youtu.be/Hn_rbQ2zSAU

1
Consider the following Y/a = an if we raise both sides to the power m we have

(V@™ = (@ "

m

Therefore Va™ = an

Worked Examples 2

Simplify the following expressions, without a calculator and leave your answers with positive exponents

1 1._ 1 —2x—2 __1
1. (8)3 2.(P? 3. (8ath'?)s 4. 3322 5. ( 2’;)_2)
Solutions:
1 1
1. (8)3 2. (972 3. (8a®h'?)s 4. 3322
1 1
:(23)5 = 42 :(23a6b12)§ — 5/(25)2
2
=2 =16 = 2a’b* = (25
— 22 =4

1

1\73 1 -0 vz \? 3\ 22 3(27a3b6
L (3) 2. 3712 3. <§> 4. (33)3 SR
Answers:
2
1. 8 2. 3 x4 o

Work through all the
calculations in the worked
examples and identify
laws and definitions

—2x72 -1
((—Zx)‘z) °
—2x72 _1
= (=) 8
-1
= (=2x72.(=2)%x®) 5
- -2
- _—p-1 — _1
2

CAN YOU simplify the following expressions, without the use of a calculator? Your answers should have positive exponents.




C. Simplifying expressions using factors

The questions that you would need to answer can be divided into one of the two types

Type 1: How to simplify expressions consisting of one term
When the expression consists of one term (only multiplication and division) factorise
into prime factors and apply the exponential laws.
Follow and understand the following steps

1. Rewrite all composite numbers as a product of their prime factors.

2. Use exponential laws to raise all powers appropriately.

3. Use the rule for division to move all bases into the numerator

4. Then simplify
Worked example 3
Simplifv:

a —» Numerator

b — denominator

25m.36M%1
81. 302"

Factorise into
prime numbers

(52)11_ (22 32)n+1

Type 2: How to simplify expressions consisting of more than one term
When an expression consists of more than one term you have to factorise
the expression before you can simplify (terms are separated by + or — signs)
Follow and understand the following steps

1. Separate and factorise
2. Simplify further using your knowledge of common fractions

Worked example 4

Simplify: 3**1 4 3% [the common factor in each term is 3%]
=3*3+1) Divide by the common factor
[3%1 +3*=3 and3¥* +3* =1 ]
= 3%4

3. Write down the values of a, b and ¢
64 =8 64° = 4

64¢ =2

34.(2.3.5)%" S
Worked example S: Simplify:
52n 92n+2 3 2n+2 2%+3 _2.2%
Apply exponent ~ T34 y2n32n gon 2%
laws ®
— p2n+2-2n 32m+2-4-2n 2723 =227
= 2243_2 Remember 2%
= — 372 = 3% _ 2%(8-2)
9 - 2x
=6
Can you ? Answers
Simplify the following expressions 1. 16 5 1
gn+3 3p-n-1g2n 2.3X—1_ 3% ’ )
qn 3X— 3x—1
3a== b== c¢=-=
2 3 6




D. Exponential Equations
There are two types of exponential equations: o Type 1: Equations with the exponent as the unknown
e Type 2: Equations with the base as the unknown

Type 1: Variables are in the exponent
This type of exponential equation with the variable in the exponent can also be given or simplified to one of the following structures:
I.  Equations with one term on either side of the equation e.g. a* = a®? ,then x = b, fora # 0
II. Equations with more than one term with the variable, x, e.g. 3% =3%¥2 + 24
III. Equations where one of the terms has an exponent of, “2x” and another term an exponent of, “x", e.g 52 — 4.5* — 5 = 0, this results in a quadratic
equation.
IV. Equation where one of the terms has an exponent, " — x" and another term has an exponent of “x”, e.g 2¥*t1 + 23,27% = 17, this also results in a quadratic
equation.

I. Equations with one term on either side of the equation
This type of equation is using the basic premise that if a* = a? , then x = b, for a # 0
For example, consider the equation 3* = 9. The equation can be solved as follows:
3*=9
~ 3% =32 write 9 to the base of 3
Lx=2 Equate the exponents
The intention is therefore to express both sides of the equation with the same base so that we can equate the exponents.

Worked examples 6 Study and work through this
If x € R, solve for x in the following equations: worked examples step by step until
a) 4x1=g1 b) (5*2)* = 125 you understand each calculation.
Solutions:
a) 4¥1=87"1 by  (572)* =125
(22)*~1 = (2%)7" express each term as a product of its prime factors 5% -2x = 53 express each term as a product of its prime factors
22x72 = 273 ~x2—2x =3 equate the exponents
2x—2=-3 equate the exponents x?2—2x—3=0 factorise to solve the trinomial
2x = -1 x=3)x+1)=0
1
X =—= sx=3 or x=-1
CAN YOU solve for x in the following equations? Answers:
1. 9¥tl =27% 2. 4.37%=9, 27% 1. x=2
2. x=2
7




Continuation of

D. Exponential Equations
Type 1: Equations with the exponent as the unknown

II. Equations with more than one term with the same variable,
eg 3*=3"2+24

Worked examples 7
Solve for x:

Make sure the terms containing

3% =372+ 24 an x is taken to one side.
Solution:
3¥ —3%"2 =24

3%(1-372) =24 Factorise using common factors

8 o

3%(2) = 24 Simplify
¥ =24x %
3*¥ =27 Express each term as a product of its prime factors
3% =33 equate the exponents once the bases are equal

Since there is no value of x that will give us a negative value in the second
solution, i.e 5% = —1, this equation has no solution.
Therefore, x = 1 is the only valid solution

IV. Equation where one of the terms has an exponent, " — x" and another term has
an exponent of “x”, e.g 2**1 + 23,27 = 17, this also results in a quadratic
equation.

Worked examples 9 Notice, one term with exponent

Solve for x: " — x" and another term has an
2x+1 4 23 9=x — 17 exponent of “x”

Solution:

2520+ 23.(2) =17 write2 % as o
2 2
1 3(1\ _
k.21 + 2 (k) =17
2k® +8 =17k

2k*—17k+8=0
Rk-1)(k—-8)=0

Let 2% = k and multiply by k throughout

factorise the quadratic equation

nx=3 k=% or k=8 Solve for &
III. Equations where one of the terms has an exponent of, “2x” and 2*=27"or 2= 2% Solveforx
another term an exponent of, “x", e.g 52 — 4.5¥ — 5 = 0, this ~x=-lor x=3
results in a quadratic equation.
Worked examples 8 _ ]
Solve for x: 52% — 4.5% —5 = 0 notice, one term with
Solution: expone'nt “2x” and another CAN YOU solve for x if x € R
Let5* = k term with an exponent of, “x" | 4%+ _ga= 0
k?—4k—-5=0 2. 3.3%¥—4.3"=-1
(k=5)(k+1)=0 Factorise the quadratic equation
k=5 or k=-1 Solve for &
5= 5" or 5% = —1 Then solve for exponent “x” Answer:
cx=1 Y, . x=2 2. x==1or 0




Continuation of

D. Exponential Equations
Type 2: Variable x, is in the base

If x» = ¢ , where c is any constant then:
e Ifmis odd, then there is only one solution.
e Ifm is even, then there are two solutions, one positive and one negative

Worked example 10
Solve for x if x €R

2 3\ 3 2
a) 2x3 =32 b (x72) ' =(64)
Solution:
2
a) 2x3 =32 [first divide by 2, which is the coefficient of x]
2
x3 =16
2 E 3
(x3)" = (162
3
x = +(2%):2 [express 16 as a product of its prime factors]
x = +(2)°
SX = i64
3
b) x 2=064
2
3\ " 2 2
(x _5) = (64) s Please note that the reciprocal power must also be negative
2
x = (2973
-4

If the unknown variable (say x) is a
base, we raise both sides to the same
power (the reciprocal of the power of
x) in order to change the exponent of
the variable to 1

CAN YOU?

5
1. Solve for x if 3xz = 96
5
2. Solveforxif3x 3+ 16 =112

Answers:
1. x=4
2. x=2"3% =2
8




E) Simplification of Surds

Definition: a surd is the root of a whole number that produces an irrational number.

3‘9: ° https://youtu.be/hcsHHWVNZWo

Therefor a surd is the root of a number that cannot be determined exactly.

An irrational number is a number that cannot be expressed as an integer or as a fraction that results in a finite number of digits (i.e. is a number that

is non- recurring, non-terminating decimal)
Examples would be /3, V7 5

1 m
Ya = arn and YVa™ = an

If Ya=x, then x" =a

Laws of surds examples

Explanatory notes

Vx Xy = Yxy . VSxV3=Vis

o V20 =+4xV5=2V5

When surds are multiplied then the numbers under the surd can be
multiplied and then the surd is applied to the product.

V20 is not in its simplest form because a perfect square is a factor of 20
ie 20=5x4

na_na o V3 3 |1
b b VI8 /18 /6
. 16 _ V16 _ 4
T V25

25 25 5

When surds are divided then the numbers under the surd is divided and
the of the quotient is taken.
apart and rooted individually

avc + bvc = (a + b)Vc e 5V6-2V6=3V6

If the root is of the same number or variable surds are treated the same as
like terms.
It can be added or subtracted, and the root remains the same.

%zmw . \/WZWZF)%:S%
. Wea=3B=2

When taking the root of a root, it is the same as, taking the single root to
the product of both roots.

Using the laws and definitions of surds
As with exponential problems, you will lose marks if you do not show your workings, including writing composite numbers as powers of prime numbers or as
prime factors (only use your calculator to check your answers.)



https://youtu.be/iTt3TVjsjuY
https://youtu.be/hcsHHWvNZWo

Multiplication and Division of surds

Worked examples 11:

11.1 Simplify the following expressions without using a calculator. Show all your calculations.

11.2 Determine, without the use of the calculator, which is greater V7 or V15 2

2 316
Solutions:
11.1
2
a) (V4)
=V4 x4
=416
=4
11.2
Vi=7 =7 = Y7° = {383

Y15 =155 = 15¢ — Y152 = Y275
V343 > /225

7 >4/15

c)

316

b)3\/§

316

Vizxy24
V8

Vi2xv24
c) NG
_ Vax3xV4xy3xv2
a Vaxy2
_ 2/3x24/3

2
= 249
=2X3=6

Express all as

Y

Work through each worked example and apply
the multiplication and division laws of surds

n n _1’1 RE_E
Va. Vb =Va.b and \/:—%

CANYOU

1. Simplify the following expressions?

a) 2v/3.5v3 b) (3v2+3)(3v2-3)
o) LR d) V21.60.v35

2. Arrange in descending order V5; v/3; V26
Answers:

1. a)30 b9 )2 d) 210

2. V3; ¥Y26; 5



https://youtu.be/hcsHHWvNZWo
https://youtu.be/w3PGLLT5nr4

Addition and subtraction of surds

Worked example 12: Simplify each of the following

121 4Z+V3-V2-23 122 S 123 28 — 4v32 + 3V50
Solutions:
12.1 42+ V3 -v2-2V3 [Remember only like surds can be added or subtracted ... Think of it as, [4x + y — x — 2y = 3x — y]]
= 3V2-+3
V48-3
12.2 Ny
16 x3—/3 .
= s [ write each number as a product of a square number and another number]
4/3-3
=55 [use the surd laws to separate the square roots] Note to remember CAN YOU simplify the following surds?
zzigzl V8 =4 x2=2V2 1L V7 +2V7-6V7
ﬁ — V16X 2 = 42 | T
50 =v25x2=5V2 NG
123 248 —4+/32 + 350 3. V50(Vi8 +V32)
=2X2V2—4Xx4J2+3x5V2  simplify surds using prime factors
) Answers:
=42 — 162 + 15V2 Add and subtract like terms
= 3V2 L -3V7 2. 45 3. 70
F) Rationalising the denominator ' https://youtu.be/w3PGLLT5nr4

The principal of rationalising the denominator is to remove the surds(irrational numbers)in the denominator.

It is generally accepted that an answer is not completely simplified if there is a root/ surd in the denominator.

b b e . . . . . .
\% = % % = %_ To rationalize the denominator, the aim is to multiply by a version of 1 that will remove the surd from the denominator.

Remember va X Va = a
Worked Example 13: Rationalise the denominator for each of the following:

5 3
13.1 Ve 13.2 oY



https://youtu.be/w3PGLLT5nr4
https://youtu.be/w3PGLLT5nr4

Solution: 13.1

ﬁllu-l'-‘u-l
N n

_ 5 Vi
Vi1
_5V11
11

3
242
3
242

13.2

2—2
Xz

2—

_ sem
-~ (2+v2)(2—V2)

_6-3v2
2

F) Surd Equations
Solving equations involving surds:

2
e To solve this type of equation we use the basic premise that (\/E) =x

CANYOU?

Rationalise the denominator of:

6 5
1. 7= 2. P
Answers: 1. 2+/3 2. 204573

13

e To solve equations with surds, rearrange the equation so that the term containing the surd (or root sign: ¥V ) is on its own on one side of the equation,
otherwise the middle term, when squaring, will again contain a surd.

o The validity of all possible solutions MUST be checked by substitution into the original equation.

e From gr 10 content we know that: if x > 0 then the expression vx will be a real number.

e For example, V16; V5; —+/6 are real numbers since the numbers under the square root signs are positive.

e However, if x < 0, then the expression v/x will be a non-real number.

e For example, V—1; v—4; vV—16 are non- real numbers since the numbers under the square root signs are ne¢

e Ifa particular solution does not satisfy the original equation, it is not a solution. __— to do each calculation.

Work through the worked example
until you are confident that you

ive. understand and know why and how

Worked examples 14:

Solution
V2x—44+x=6
V2x —4=6—x

[Isolate the surd term]

Solve forxinv2x —4+4+x =6

(\/ 2x — 4)2 = (6 —x)? [square both sides of the equation]

2x —4 =36 —12x + x2

0=36+4—12x — 2x + x*
[solve the equation]

x> —14x+40=0
x=-10)(x—4)=0
~x=100r x =4
x + 10 and

x = 4 is the only solution

/

Check the answers for validity
Ifx =10
LHS =,/2(10) -4+ 10

=16+ 10

=14 +6 ~ LHS + RHS

Check the answers for validity
Ifx=4
LHS =./2(4)—4+4

=V4+4
=6  ~LHS=RHS

(.

J Note: This follows from the above checking ]




CANYOU?

1. Solveforxinvx+2—-x=0
2. Solveforxinv3x+4=2x+3

Answers:

1. x=2 2.x=—1lor x=—=

Consolidation

e Remember to revise the number systems as to ensure that you know all the different types of numbers.

e Exponents and Surds is part of Algebraic expressions which counts about 30% of the final Paper 1 examination

e A sound knowledge of exponents will assist you in Calculus in Grade 12.

e Surd equations need to be covered thoroughly — learners must test whether their solutions satisfy the original equation

e Practice by working out old question papers to get acquainted with the way question are asked in exams.
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